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Abstract. Several years ago, Long and Ramakrishna [Adv. Math. 290 (2016), 773–808]
extended Van Hamme’s (H.2) supercongruence to the modulus p3 case. Recently, Guo
[Int. J. Number Theory, to appear] found a q-analogue of the Long–Ramakrishna formula
for p ≡ 3 (mod 4). In this note, a q-analogue of the Long–Ramakrishna formula for p ≡ 1
(mod 4) is derived through the q-Whipple formulas and the Chinese remainder theorem
for coprime polynomials.
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1 Introduction
For any complex variable x, define the shifted-factorial to be
(x)0 = 1 and (x)n = x(x+ 1) · · · (x+ n− 1) when n ∈ N.
In 1997, Van Hamme [17, (H.2)] conjectured that
(p−1)/2∑
k=0
(1/2)3k
k!3
≡


−Γp(1/4)
4 (mod p2), if p ≡ 1 (mod 4),
0 (mod p2), if p ≡ 3 (mod 4).
(1.1)
Here and throughout the paper, p always denotes an odd prime and Γp(x) is the p-adic
Gamma function. In 2016, Long and Ramakrishna [13, Theorem 3] gave the following
extension of (1.1):
(p−1)/2∑
k=0
(1/2)3k
k!3
≡


−Γp(1/4)
4 (mod p3), if p ≡ 1 (mod 4),
−
p2
16
Γp(1/4)
4 (mod p3), if p ≡ 3 (mod 4).
(1.2)
For any complex numbers x and q, define the q-shifted factorial as
(x; q)0 = 1 and (x; q)n = (1− x)(1− xq) · · · (1− xq
n−1) when n ∈ N.
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For simplicity, we also adopt the compact notation
(x1, x2, . . . , xm; q)n = (x1; q)n(x2; q)n · · · (xm; q)n.
Following Gasper and Rahman [2], define the basic hypergeometric series r+1φr by
r+1φr
[
a1, a2, . . . , ar+1
b1, b2, . . . , br
; q, z
]
=
∞∑
k=0
(a1, a2, . . . , ar+1; q)k
(q, b1, b2, . . . , br; q)k
zk.
Then the q-Whipple formula due to Andrews [1] and the q-Whipple formula due to Jain
[11] can be stated as
4φ3
[
q−n, q1+n, b,−b
−q, c, b2q/c
; q, q
]
= q(
n+1
2 )
(b2q1−n/c, cq−n; q2)n
(b2q/c, c; q)n
, (1.3)
4φ3
[
a, q/a, q−n,−q−n
c, q1−2n/c,−q
; q, q
]
=
(ac, cq/a; q2)n
(c; q)2n
. (1.4)
Recently, Guo and Zudilin [10, Theorem 2] displayed a q-analogue of (1.1): for any
positive odd integer n,
(n−1)/2∑
k=0
(q; q2)2k(q
2; q4)k
(q2; q2)2k(q
4; q4)k
q2k
≡


(q2; q4)2(n−1)/4
(q4; q4)2(n−1)/4
(mod Φn(q)
2), if n ≡ 1 (mod 4),
0 (mod Φn(q)
2), if n ≡ 3 (mod 4).
(1.5)
Here and throughout the paper, Φn(q) stands for the n-th cyclotomic polynomial in q:
Φn(q) =
∏
16k6n
gcd(k,n)=1
(q − ζk),
where ζ is an n-th primitive root of unity. Further, Guo [7, Theorem 1] provided the
following partial q-analogue of (1.2): for any positive integer n ≡ 3 (mod 4),
(n−1)/2∑
k=0
(q, ; q2)2k(q
2; q4)k
(q2; q2)2k(q
4; q4)k
q2k ≡ [n]
(q3; q4)(n−1)/2
(q5; q4)(n−1)/2
(mod Φn(q)
3). (1.6)
For more q-analogues of supercongruences, we refer the reader to [3–6,8,9,12,14,16,19,20].
Motivated by the work just mentioned, we shall establish the following result.
Theorem 1.1. Let n ≡ 1 (mod 4) be a positive integer. Then, modulo Φn(q)
3,
(n−1)/2∑
k=0
(q; q2)2k(q
2; q4)k
(q2; q2)2k(q
4; q4)k
q2k ≡ q(n−1)/2
(q2; q4)2(n−1)/4
(q4; q4)2(n−1)/4
{
1 + 2[n]2
(n−1)/4∑
i=1
q4i−2
[4i− 2]2
}
.
2
Obviously, Theorem 1.1 is an extension of (1.5) for n ≡ 1 (mod 4). Letting n = p be
a prime and taking q → 1 in this theorem, we obtain the conclusion:
(p−1)/2∑
k=0
(1/2)3k
k!3
≡
(1/2)2(p−1)/4(
(p− 1)/4
)
!2
{
1 +
p2
2
H
(2)
(p−1)/2 −
p2
8
H
(2)
(p−1)/4
}
(mod p3), (1.7)
where the harmonic numbers of 2-order are given by
H(2)m =
m∑
k=1
1
k2
.
Using the known formula (cf. [15, Page 7]):
H
(2)
(p−1)/2 ≡ 0 (mod p) with p > 3,
we deduce the following supercongruence from (1.7).
Corollary 1.2. Let p ≡ 1 (mod 4) be a prime. Then
(p−1)/2∑
k=0
(1/2)3k
k!3
≡
(1/2)2(p−1)/4(
(p− 1)/4
)
!2
{
1−
p2
8
H
(2)
(p−1)/4
}
(mod p3). (1.8)
For the sake of explaining the equivalence of (1.2) for p ≡ 1 (mod 4) and (1.8), we
need to verify the following relation.
Proposition 1.3. Let p ≡ 1 (mod 4) be an odd prime. Then
(1/2)2(p−1)/4(
(p− 1)/4
)
!2
{
1−
p2
8
H
(2)
(p−1)/4
}
≡ −Γp(1/4)
4 (mod p3).
The rest of the paper is arranged as follows. By means of the Chinese remainder
theorem for coprime polynomials, a q-supercongruence modulo (1− aqn)(a− qn)(b− qn)
will be derived in Section 2. Then it is utilized to provide a proof of Theorem 1.1 in the
same section. Finally, the proof of Proposition 1.3 will be given in Section 3.
2 Proof of Theorem 1.1
In order to prove Theorem 1.1, we need the following parameter extension of it.
Theorem 2.1. Let n ≡ 1 (mod 4) be a positive integer. Then, modulo (1 − aqn)(a −
qn)(b− qn),
(n−1)/2∑
k=0
(aq, q/a, q/b,−q/b; q2)k
(q2, q2,−q2, q2/b2; q2)k
q2k ≡ Ωn(a, b), (2.1)
3
where
Ωn(a, b) =
(b− qn)(ab− 1− a2 + aqn)
(a− b)(1− ab)
(b/q)(1−n)/2(q2, b2q2; q4)(n−1)/4
(q4, q4/b2; q4)(n−1)/4
+
(1− aqn)(a− qn)
(a− b)(1 − ab)
(aq3, q3/a; q4)(n−1)/2
(q2; q2)n−1
.
Proof. When a = q−n or a = qn, the left-hand side of (2.1) is equal to
(n−1)/2∑
k=0
(q1−n, q1+n, q/b,−q/b; q2)k
(q2, q2,−q2, q2/b2; q2)k
q2k = 4φ3
[
q1−n, q1+n, q/b,−q/b
q2,−q2, q2/b2
; q2, q2
]
. (2.2)
According to (1.3), the right-hand side of (2.2) can be expressed as
(b/q)(1−n)/2
(q2, b2q2; q4)(n−1)/4
(q4, q4/b2; q4)(n−1)/4
.
Since (1− aqn) and (a− qn) are relatively prime polynomials, we get the following result:
Modulo (1− aqn)(a− qn),
(n−1)/2∑
k=0
(aq, q/a, q/b,−q/b; q2)k
(q2, q2,−q2, q2/b2; q2)k
q2k ≡ (b/q)(1−n)/2
(q2, b2q2; q4)(n−1)/4
(q4, q4/b2; q4)(n−1)/4
. (2.3)
When b = qn, the left-hand side of (2.1) is equal to
(n−1)/2∑
k=0
(aq, q/a, q1−n,−q1−n; q2)k
(q2, q2,−q2, q2−2n; q2)k
q2k = 4φ3
[
aq, q/a, q1−n,−q1−n
q2,−q2, q2−2n
; q2, q2
]
. (2.4)
In terms of (1.4), the right-hand side of (2.4) can be written as
(aq3, q3/a; q4)(n−1)/2
(q2; q2)n−1
.
Therefore, we are led to the following conclusion: Modulo (b− qn),
(n−1)/2∑
k=0
(aq, q/a, q/b,−q/b; q2)k
(q2, q2,−q2, q2/b2; q2)k
q2k ≡
(aq3, q3/a; q4)(n−1)/2
(q2; q2)n−1
. (2.5)
It is clear that the polynomials (1 − aqn)(a − qn) and (b − qn) are relatively prime.
Noting the q-congruences
(b− qn)(ab− 1− a2 + aqn)
(a− b)(1− ab)
≡ 1 (mod (1− aqn)(a− qn)),
(1− aqn)(a− qn)
(a− b)(1 − ab)
≡ 1 (mod (b− qn))
and employing the Chinese remainder theorem for coprime polynomials, we deduce The-
orem 2.1 from (2.3) and (2.5).
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Proof of Theorem 1.1. It is not difficult to see that
(q2; q2)n−1 = (q
2, qn+1, q4, qn+3; q4)(n−1)/4
= q(n−1)(3n−1)/4(q2, q4, q2−2n, q4−2n; q4)(n−1)/4
≡ bn−1q(1−n
2)/4(q2, q4, q2/b2, q4/b2; q4)(n−1)/4 (mod (b− q
n)),
(aq3; q4)(n−1)/2 = (aq
3; q4)(n−1)/4(aq
n+2; q4)(n−1)/4
≡ (abq3−n; q4)(n−1)/4(abq
2; q4)(n−1)/4
= (−ab)(n−1)/4q−(n−1)
2/8(abq2, q2/ab; q4)(n−1)/4 (mod (b− q
n)),
(q3/a; q4)(n−1)/2 = (−b/a)
(n−1)/4q−(n−1)
2/8(bq2/a, aq2/b; q4)(n−1)/4 (mod (b− q
n)).
Thus, the q-supercongruence (2.1) may be rewritten as follows: Modulo (1 − aqn)(a −
qn)(b− qn),
(n−1)/2∑
k=0
(aq, q/a, q/b,−q/b; q2)k
(q2, q2,−q2, q2/b2; q2)k
q2k
≡
(b− qn)(ab− 1− a2 + aqn)
(a− b)(1− ab)
(b/q)(1−n)/2(q2, b2q2; q4)(n−1)/4
(q4, q4/b2; q4)(n−1)/4
+
(1− aqn)(a− qn)
(a− b)(1− ab)
(b/q)(1−n)/2(abq2, bq2/a, aq2/b, q2/ab; q4)(n−1)/4
(q2, q4, q2/b2, q4/b2; q4)(n−1)/4
.
Letting b→ 1, we arrive at the following formula: Modulo Φn(q)(1− aq
n)(a− qn),
(n−1)/2∑
k=0
(aq, q/a; q2)k(q
2; q4)k
(q2; q2)2k(q
4; q4)k
q2k
≡ q(n−1)/2
(q2; q4)2(n−1)/4
(q4; q4)2(n−1)/4
+ q(n−1)/2
(1− aqn)(a− qn)
(1− a)2
×
{
(q2; q4)2(n−1)/4
(q4; q4)2(n−1)/4
−
(aq2, q2/a; q4)2(n−1)/4
(q2, q4; q4)2(n−1)/4
}
. (2.6)
By the L’Hospital rule, we have
lim
a→1
(1− aqn)(a− qn)
(1− a)2
{
(q2; q4)2(n−1)/4
(q4; q4)2(n−1)/4
−
(aq2, q2/a; q4)2(n−1)/4
(q2, q4; q4)2(n−1)/4
}
= 2[n]2
(q2; q4)2(n−1)/4
(q4; q4)2(n−1)/4
(n−1)/4∑
i=1
q4i−2
[4i− 2]2
.
Letting a→ 1 in (2.6) and utilizing the above limit, we complete the proof of Theorem 1.1.
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3 Proof of Proposition 1.3
Via the congruence due to Wang and Pan [18, Page 6]:
H
(2)
(p−1)/4 ≡
Γ
′′
p(1/4)
Γp(1/4)
−
{
Γ
′
p(1/4)
Γp(1/4)
}2
(mod p),
where Γ
′
p(x) and Γ
′′
p(x) are respectively the first derivative and second derivative of Γp(x),
we obtain
1−
p2
8
H
(2)
(p−1)/4 ≡ 1−
p2
8
Γ
′′
p(1/4)
Γp(1/4)
+
p2
8
{
Γ
′
p(1/4)
Γp(1/4)
}2
(mod p3). (3.1)
In terms of the properties of the p-adic Gamma function, we get
(1/2)2(p−1)/4(
(p− 1)/4
)
!2
=
{
Γp((1 + p)/4)Γp(1)
Γp(1/2)Γp((3 + p)/4)
}2
=
{
Γp((1 + p)/4)Γp((1− p)/4)
Γp(1/2)
}2
≡ −
{
Γp(1/4) + Γ
′
p(1/4)
p
4
+ Γ
′′
p(1/4)
p2
2× 42
}2
×
{
Γp(1/4)− Γ
′
p(1/4)
p
4
+ Γ
′′
p(1/4)
p2
2× 42
}2
(mod p3). (3.2)
The combination of (3.1) and (3.2) produces
(1/2)2(p−1)/4(
(p− 1)/4
)
!2
{
1−
p2
8
H
(2)
(p−1)/4
}
≡ −
{
Γp(1/4) + Γ
′
p(1/4)
p
4
+ Γ
′′
p(1/4)
p2
2× 42
}2
×
{
Γp(1/4)− Γ
′
p(1/4)
p
4
+ Γ
′′
p(1/4)
p2
2× 42
}2
×
{
1−
p2
8
Γ
′′
p(1/4)
Γp(1/4)
+
p2
8
{
Γ
′
p(1/4)
Γp(1/4)
}2}
≡ −Γp(1/4)
4 (mod p3).
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